INVARIANT FUNCTIONALS 



m 
o 

(N 
D 

in 



AND ZAMOLODCHIKOVS' INTEGRAL 

Bui Van Binh and Vadim Schechtman 



Consider a triple complex integral 
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It has appeared in a remarkable paper [ZZ] in connection with the Liouville model 
of the conformal field theory. Here cxj G C, 

T^i = o-i+i + (Ji+2 - <yi, i mod 3, (2) 

dz := dxdy, z = x + iy, stands for the standard Lebesgue measure on C. The 
integral converges if JJuj > 1/2, 3f?z/j > 0, i = 1,2,3. The aim of this note is to 
. prove the following assertion. 

(3 I Theorem 1. 

J, \ 3 r(n + <^2 + <^3-i)r(i^i)r(i^2)rw 
g: iW.,''2,as) = n r(2.,)r(2.,)r(2.3) 

cn 

This formula is given without proof in [ZZ]. A proof of (3) has appeared in 
[HMW]; it uses some complicated change of variables. A different proof using 
Macdonald type constant term identities may be found in [BS]. In this note we 
provide still another proof of (3) which uses an elegant method of Bernstein 
and Reznikov who computed a similar real integral, cf. [BR]. Their procedure 
is based on some multiplicity one considerations which allow one to reduce the 
computation of (1) to a computation of a Gaussian integral, cf. Thm 2 below; 
this last integral is of independent interest. 

Notation. For a smooth variety Y we denote by C (Y) the space of C°° functions 
/ : V ^ C. 

Principal series. Let G := SL2{C) D K := SU{2y, X = \ {0}. Let C{X) 
denote the space of smooth functions / : X — > C; for A G C let Cx{X) C C{X) 
be the subspace of / such that f{ax) = \a\'^-^f{x) for all a G C*. The group 
G is acting on Gx{X) by the rule {gf){x) = f{xg), (? G G; we denote this 
representation by V\. 
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Line realization, cf. [GGPS]. The map / ^-)■ f{x,l) induces an isomorphism 
: Vx where is a subspace of C(C) depending on A. 

The induced action of G on is given by 
{gf){x) = \bx + d\'^f{{ax + c)/{bx + d)), g = 

Lemma 1. The dimension of the space HomK{Vx,C) of continuous K -invariant 
maps Vx — > C is equal to 1. 

Proof. Let i G HomK{Vx,C). Choose a Haar measure on K such that 
jj^dk = 1. Since i is continuous and K invariant, for all f E Vx i{f) = i{f) 
where f{x) = Jj^ f{kx)dk. But / is homogeneous and i^T- invariant, and such a 
function is unique up to a multiplicative constant. □ 

Lemma 2. (i) The functional i'^ : Vl_2 — ^ given by 

^a(/) = /(I + \z\Y'f{z)dz 

Jc 

is K -invariant. The integral converges for a// A e C, / e G -invariant 

z#A = 0. 

(ii) The functional £x '■ Vx^2 — > C given by 

is K -invariant. The integral converges for 9?A > 0. □ 
By Lemma 1, ix = cxi'x o for some cx € C. 
Lemma 3. cx = r(A)7r-^ □ 

More generally, given n complex numbers A = (Ai,...,A„) we define a G- 
module 

n 

Vx = {f e C{X'')\f{aiXi,...,anXn) = Jl \ai\^^^ f{xi, . . . , x^)} 

i=l 

with the diagonal action of G. 

The map / h-)- f{{xi, 1), . . . , f{xn, 1)) induces an isomorphism of G-modules 

0: Vx^VicC{C-) 

with the action of G on given by 

w)(.,...,.„)^nK..i-/(e^,...,^),«^(:S)- 
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We have i^- invariant functionals i'^ : — ^ 

~ n 

Jc- i=l 

(the integral converges for all Aj) 
and 4 : Vx,-2,...m-2 — > C, 

7(C2)" 

(the integral converges if 3?Aj > for alH). 
Corollary 1. 

n 

1=1 

Indeed, the factorisable functions Ylfii^i)^ fi ^ dense in Vai,...,a„, and 

we apply the Pubini theorem. 

For a function / : Y — > C where y C C" with the complement of measure 
zero we denote 

S(/) = 475 / f{zu...,z^)e-^'^^\^^\'dz,...dz,, 

(when the integral converges). The following proposition is a complex analog of 
properties of real Gaussian integrals from [BR] . 

Proposition 1. (i) Setr{z) = (X;r=i l^il'^Y^^- Then S(r^) = r(s/2 + n)/r(n). 

(ii) Ifh{z) ^T^CiZi then Sim = r(s/2+l)||/||^ where\\f\\ = (Er=i I^P)'/'- 

(iii) Consider the space = (C^)^ and the determinant 

d{Wi, W2) = Z11Z22 - Z12Z2I, Wi = {Zu, Z2i). 

Then 9{\d\') = T{s/2 + l)r(s/2 + 2). □ 

Now consider the space L = (C^)'^ whose elements we shall denote {wi, W2, w^), Wi e 
C^. Consider the following function on L: 

K,,,,,,,,{w,,W2,ws) = |rf(«;i,w;2)|''^^"VK,«^3)|''^^''M(w^2,w^3)r"^~' 
Theorem 2. 

S(i^.i,..,.3) = r(i/i + + i)r(u^)r(u2)r(u^) 

The proof goes along the same lines as in [BR] , where a similar real Gaussian 
integral is calculated. 
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Now we easily deduce Theorem 1. The function Ky^^^^^y^ belongs to the space 
^2(Ti-2,2(T2-2,2(T3-2 where are defined from (2). We have 

,1^2,1^3/ <-2CTl,2cr2,2CT3 

On the other hand, by Cor. 1 

3 
i=l 

where Kl_^ = (p^Ky-^^^^^y^), This, together with Thm 2, implies Thm 1. □ 

The functional £ : V.2ai -2^2,-2^3 — > C, i{f) = J^-, fKl^ ,^^^^^dzidz2dz^, is G- 
invariant. Similarly to the real case treated in [BR], the space of such G-invariant 
functionals is one-dimensional, cf. [L]. This is a "methaphysical reason", why the 
integral (1) (the value of this functional on some spherical vector) is computable 
in terms of F functions. 

We are grateful to A.Reznikov for discussions and for the notes by A.Yomdin 
about a p-adic analogue of the Bernstein - Reznikov method which were very 
useful for us. 
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